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Abstract 

We study strongly graded vertex algebras and their strongly graded modules, which 
are conformal vertex algebras and their modules with a second, compatible grading by 
an abelian group satisfying certain grading restriction conditions. We consider a ten- 
sor product of strongly graded vertex algebras and its tensor product strongly graded 
modules. We prove that a tensor product of strongly graded irreducible modules for 
a tensor product of strongly graded vertex algebras is irreducible, and that such irre- 
ducible modules, up to equivalence, exhaust certain naturally defined strongly graded 
irreducible modules for a tensor product of strongly graded vertex algebras. We also 
prove that certain naturally defined strongly graded modules for the tensor product 
strongly graded vertex algebra are completely reducible if and only if every strongly 
graded module for each of the tensor product factors is completely reducible. These 
results generalize the corresponding known results for vertex operator algebras and 
their modules. 

1 Introduction 

We prove that a tensor product of strongly graded irreducible modules for a tensor product of 
strongly graded vertex algebras is irreducible, and that conversely, such irreducible modules, 
up to equivalence, exhaust certain naturally denned strongly graded irreducible modules for 
a tensor product of strongly graded vertex algebras. (These terms are defined below.) As a 
consequence, we determine all the strongly graded irreducible modules for the tensor product 
of the moonshine module vertex operator algebra with a vertex algebra associated with 
a self-dual even lattice, in particular, the two-dimensional Lorentzian lattice. 

The moonshine conjecture of Conway and Norton in [CN] included the conjecture that 
there should exist an infinite-dimensional representation V of the (not yet constructed) 
Fischer- Griess Monster sporadic finite simple group M such that the McKay-Thompson series 
T g for jgM acting on V should have coefficients that are equal to the coefficients of the q- 
series expansions of certain modular functions. In particular, this conjecture incorporated the 
McKay-Thompson conjecture, which asserted that there should exist a (suitably nontrivial) 



Z-graded M-module V = U i >_ 1 V-% with graded dimension equal to the elliptic modular 
function j(r) — 744 = X^>-i C W<?\ where we write q for e 2mT , r in the upper half-plane. 
Such an M-module, the "moonshine module," denoted by V\ was constructed in [FLM] . and 
in fact, the construction of |FLMj gave a vertex operator algebra structure on equipped 
with an action of M. In [FLM] . the authors also gave an explicit formula for the McKay- 
Thompson series of any element of the centralizer of an involution of type 2B of M; the case 
of the identity element of M proved the McKay-Thompson conjecture. 

Borcherds then showed in [B] that the rest of the McKay-Thompson series for the elements 
of M acting on V' are the expected modular functions. He obtained recursion formulas for 
the coefficients of McKay-Thompson series for from the Euler-Poincare identity for certain 
homology groups associated with a special Lie algebra, the "monster Lie algebra," which he 
constructed using the tensor product of the moonshine module vertex operator algebra 
and a natural vertex algebra associated with the two-dimensional Lorentzian lattice. The 
importance of this tensor product vertex algebra motivates the present paper. 

The difference between the terminology "vertex operator algebra," as defined in [FLMJ, 
and "vertex algebra," as defined in [B], is that a vertex operator algebra amounts to a vertex 
algebra with a conformal vector such that the eigenspaces of the operator L(0) are all finite 
dimensional with (integral) eigenvalues that are truncated from below (cf. [LL] ) . In [HLZJ, 
the authors use a notion of "conformal vertex algebra," which is a vertex algebra with a con- 
formal vector and with an L(0)-eigenspace decomposition, and a notion of "strongly graded 
conformal vertex algebra," which is a conformal vertex algebra with a second, compatible 
grading by an abelian group satisfying certain grading restriction conditions. 

In a series of papers ( |HLl] - jHL4j . JR]). the authors developed a tensor product theory for 
modules for a vertex operator algebra under suitable conditions. A structure called "vertex 
tensor category structure," which is much richer than braided tensor category structure, 
has thereby been established for many important categories of modules for classes of vertex 
operator algebras (see [HLlj ). It is expected that a vertex tensor category together with 
certain additional structures determines uniquely (up to isomorphism) a vertex operator 
algebra such that the vertex tensor category constructed from a suitable category of modules 
for it is equivalent (in the sense of vertex tensor categories) to the original vertex tensor 
category. In [HLZ], this tensor product theory is generalized to a larger family of categories of 
"strongly graded modules" for a conformal vertex algebra, under suitably relaxed conditions. 
We want to investigate the vertex tensor category in the sense of [HLlj , but in the setting of 
[HLZ] , associated with the tensor product of the moonshine module vertex operator algebra 
V* and the vertex algebra associated with the two-dimensional Lorentzian lattice. The first 
step in thinking about this is to determine the irreducible modules for this algebra. 

For the vertex operator algebra case, it is proved in |FHLj that a tensor product module 
W\ <8> • • • <8> W p for a tensor product vertex algebra V\ <g> • • • ® V p (where Wi is a V^-module) is 
irreducible if and only if each W{ is irreducible. The proof uses a version of Schur's Lemma 
and also the density theorem [Jj. It is also proved in |FHLj that these irreducible modules 
W are (up to equivalence) exactly all the irreducible modules for the tensor product algebra 
V± <g) • • • <S> V p . The proof uses the fact that each homogeneous subspace of W is finite 
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dimensional. In this paper, we generalize the arguments in |FHLj to prove similar, more 
general results for strongly graded modules for strongly graded conformal vertex algebras. 

For the strongly graded conformal vertex algebra case, the homogeneous subspaces of a 
strongly graded module are no longer finite dimensional. However, by using the fact that each 
doubly homogeneous subspace (homogeneous with respect to both gradings) of a strongly 
graded conformal vertex algebra is finite dimensional, we prove a suitable version of Schur's 
Lemma for strongly graded modules under the assumption that the abelian group that gives 
the second grading of the strongly graded algebra is countable. 

To avoid unwanted flexibility in the second grading such as a shifting of the grading 
by an element of the abelian group, we suppose that the grading abelian groups A for a 
strongly graded conformal vertex algebra and A (which includes A as a subgroup) for its 
strongly graded modules are always determined by a vector space, which we typically call I), 
consisting of operators induced by V. We call this kind of strongly graded conformal vertex 
algebra a "strongly (f), v4)-graded conformal vertex algebra" and its strongly graded modules 
"strongly (f), v4)-graded modules." Important examples of strongly (f), v4)-graded conformal 
vertex algebras and their strongly (f), A)-graded modules are the vertex algebras associated 
with nondegenerate even lattices and their modules. 

For strongly (f}j, v4j)-graded modules Wi for strongly (f) i? v4j)-graded conformal vertex 
algebras V,, we construct a tensor product strongly (©f =1 f)j, ©f =1 Aj)-graded module W\ ® 
• • • ® W p for the tensor product strongly graded conformal vertex algebra V\ ® • • • <g> V p . Then 
we prove that this tensor product module W\ (g> • • • ® W p is irreducible if and only if each Wi 
is irreducible, under the assumption that each grading abelian group A\ for Vi is a countable 
group. 

To determine all the irreducible strongly graded modules (up to equivalence) for the tensor 
product strongly graded conformal vertex algebra V% <S> ■ ■ • ® V p , the main difficulty is that 
we need to deal with the second grading by the abelian groups. For the strongly (ffif =1 f)i, A)- 
graded modules W for the tensor product strongly (©f =1 f)i, ©f =1 Aj)-graded vertex algebra 
V\ <S> ■ ■ ■ <8) V p , we assume there is a decomposition A — A 1 © • • - © A p , such that W is an 
(f)i, v4j)-graded module (that is, a strongly graded module except for the grading restriction 
conditions) when viewed as a ^-module. We call this kind of strongly (ffif =1 f)i, A)-graded 
module a strongly ((fji, Ai), . . . , (f) p , A p ))-graded module. In the main theorem, we prove 
that if such a module is irreducible, then it is a tensor product of strongly graded irreducible 
modules. Then, as a corollary of the main theorem, we classify the strongly graded modules 
for the tensor product strongly graded conformal vertex algebra V* <8) V&, where L is an even 
lattice, and in particular, where L is the (self-dual) two-dimensional Lorentzian lattice. 

It is proved in |DMZj that every module for the tensor product vertex operator algebra 
V\ <g) • • • <g> Vp is completely reducible if and only if every module for each vertex operator 
algebra Vi is completely reducible. We also generalize the argument in [DMZj to prove a 
similar result for tensor product strongly (f), v4)-graded conformal vertex algebras. 

This paper is organized as follows: In Section 2, we introduce the definitions and some ba- 
sic properties of strongly graded vertex algebras and their strongly graded modules. Then we 
construct a tensor product of strongly graded vertex algebras and its tensor product strongly 
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graded modules in Section 3. In Section 4, we introduce the definition of strongly (f),A)- 
graded vertex algebra and strongly (h,A)-graded module. In Section 5, we prove the main 
theorem, which classifies the irreducible strongly ((f)i, Ai), . . . , (f) p , A p ))-graded Vi<S>- ■ -®V P - 
modules. Then we use the main theorem to determine all the strongly graded modules for 
V*®V L . In Section 6, we consider strongly graded conformal vertex algebras whose strongly 
graded modules are all completely reducible and prove that every strongly ((h^Ax), 
(f) p , 74 p ))-graded module for the tensor product strongly graded algebra V± <g> ■ ■ ■ <g> V p is com- 
pletely reducible if and only if every strongly (hj, Aj)-graded module for each V* is completely 
reducible. 

Acknowledgements I would like to thank Professor James Lepowsky for helpful discussions 
and suggestions. I would also like to thank Professor Yi-Zhi Huang and Professor Haisheng 
Li for useful discussions. 

2 Strongly graded vertex algebras and their modules 

We recall the following four definitions from [HLZ]. 

Definition 2.1 A conformal vertex algebra is a Z-graded vector space 

V = l[V {n) (2.1) 

(for v G V( n ), we say the weight of v is n and we write wtv — n) equipped with a linear map 
V (g) V — > V[[x, x^ 1 ]], or equivalently, 

V ->■ (EndlO^aT 1 ]] 

v ^ Y(v,x) = ^v n x- n ~ l (where v n G End V), (2.2) 

Y(v,x) denoting the vertex operator associated with v, and equipped also with two distin- 
guished vectors 1 G V(o) (the vacuum vector) and u G V^) (the conformal vector), satisfying 
the following conditions for u,v <EV: the lower truncation condition: 

u n v = for n sufficiently large (2.3) 

(or equivalently, Y(u,x)v G V((x))); the vacuum property: 

Y(l,x) = l v ; (2.4) 

the creation property: 

Y(v,x)l G V[[x]] and lim Y(v, x)l = v (2.5) 

x— >0 
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(that is, Y(v,x)l involves only nonnegative integral powers of x and the constant term is 
v); the Jacobi identity (the main axiom): 

x 1 5 ( — — — )Y(u, x x )Y(v, x 2 ) - x Q l 5 ( — — — ) Y(v, x 2 )Y(u, x x ) 
V x J V. -x J 

= x 2 H (^^)y(Y(u, x )v, x 2 ) (2.6) 

(note that when each expression in (12. 6p is applied to any element of V, the coefficient of 
each monomial in the formal variables is a finite sum; on the right-hand side, the notation 
Y(-, x 2 ) is understood to be extended in the obvious way to V[[x , Xq *]]); the Virasoro algebra 
relations: ^ 

[L(m), L(n)] = (m - n)L(m + n) + ^( m3 ~ m)5 n+mfi c (2.7) 
for m, n G Z, where 

L(n) = u n+ i for n G Z, i.e., Y(u,x) = ^L(n)x~ n - 2 , (2.8) 

c G C (2.9) 

(the central charge or rank of V); 

^-Y(v, x) = Y(L(-l)v, x) (2.10) 

ax 

(the L(— 1) -derivative property); and 

L(0)f = nv = (wt t>)t> for n G Z and f G V( n ). (2-H) 

This completes the definition of the notion of conformal vertex algebra. We will denote 
such a conformal vertex algebra by (V, Y, 1, u). 



Definition 2.2 Given a conformal vertex algebra (V, Y, a module for V is a C-graded 
vector space 

neC 

(graded by weights) equipped with a linear map V £g> W — > W[[x, x -1 ]], or equivalently, 
V ->■ (End ^[[i^- 1 ]] 

u ^ y(u,x) = ^u n x~ n_1 (where f n G End W) (2.13) 

(note that the sum is over Z, not C), Y(v,x) denoting the vertex operator on W associated 
with v, such that all the defining properties of a conformal vertex algebra that make sense 
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hold. That is, the following conditions are satisfied: the lower truncation condition: for 
v eV and w G W, 

v n w = for n sufficiently large (2-14) 
(or equivalently, Y(v,x)w G W((x))); the vacuum property: 

Y(l,x) = l w ; (2.15) 

the Jacobi identity for vertex operators on W: for u,v G V, 

x Q l 5 ( — — — )Y(u, xi)Y(v, x 2 ) - Xq 1 5 ( — — — J Y(v, x 2 )Y(u, xi) 
\ x J \ -x J 

= x^5(^^jY(Y(u,x )v,x 2 ) (2.16) 

(note that on the right-hand side, Y(u,xo) is the operator on V associated with u); the 
Virasoro algebra relations on W with scalar c equal to the central charge of V: 

[L(m), L(n)} = (m - n)L(m + n) + ^( m3 ~ m)5 n+mfi c (2.17) 
for m,n G Z, where 

L{n)=u n+1 for n G Z, i.e., Y (u, x) = ^ L{n)x~ n - 2 ; (2.18) 

^-Y(v, x) = Y(L(-l)v, x) (2.19) 
(the L{— l)-derivative property); and 

(L(0) -n)w = for n G C and w G V^ (n) , (2.20) 

where n — wtw. 

This completes the definition of the notion of module for a conformal vertex algebra. 
Definition 2.3 Let A be an abelian group. A conformal vertex algebra 

V = U V (n) 

n<=Z 

is said to be strongly graded with respect to A (or strongly A- graded, or just strongly graded 
if the abelian group A is understood) if it is equipped with a second gradation, by A, 



V=]J v (a) , 



such that the following conditions are satisfied: the two gradations are compatible, that is, 
= JJ V$ (where V$ = V (n) n V^) for any a G A; 

for any a, (3 G A and n G Z, 

=0 for n sufficiently negative; (2-21) 

dimV^ < oo ; (2.22) 

1 G V$>; (2.23) 

WG^! (2-24) 
ViVW C for any v G l^ Q \ Z G Z. (2.25) 

This completes the definition of the notion of strongly A-graded conformal vertex algebra. 

For modules for a strongly graded algebra we will also have a second grading by an 
abelian group, and it is natural to allow this group to be larger than the second grading 
group A for the algebra. (Note that this already occurs for the first grading group, which is 
Z for algebras and C for modules.) 

Definition 2.4 Let A be an abelian group and V a strongly A-graded conformal vertex 
algebra. Let A be an abelian group containing A as a subgroup. A V-module 

is said to be strongly graded with respect to A (or strongly A- graded, or just strongly graded 
if the abelian group A is understood) if it is equipped with a second gradation, by A, 

W = JJ (2.26) 

peA 

such that the following conditions are satisfied: the two gradations are compatible, that is, 
for any f3 G A, 

W w = JJ W$ (where W$ = W (n) n W w ) 

nGC 

for any a G A, f3 G A and nGC, 

W^ +k) = for k G Z sufficiently negative; (2.27) 
dimW^ <oo (2.28) 
VtWW C W^ a+ ^ for any v G V< a \ Z G Z. (2.29) 
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This completes the definition of the notion of strongly A-graded module for a strongly 
A-graded conformal vertex algebra. 

Remark 2.5 It is always possible that there are different gradings on W by A, such as by 
shifting by an element in A. However, in this paper, we shall fix one particular A-grading 
on W. 

In order to study strongly graded V^-modules for tensor product algebras, we shall need 
the following generalization: 

Definition 2.6 In the setting of Definition 12 .41 (the definition of "strongly graded module"), 
a ^-module (not necessarily strongly graded, of course) is doubly graded with respect to A if 
it satisfies all the conditions in Definition 12.41 except perhaps for ( 12.27ft and ( 12.281) . 

Example 2.7 Note that the notion of conformal vertex algebra strongly graded with respect 
to the trivial group is exactly the notion of vertex operator algebra. Let V be a vertex 
operator algebra, viewed (equivalently) as a conformal vertex algebra strongly graded with 
respect to the trivial group. Then the V^-modules that are strongly graded with respect to 
the trivial group (in the sense of Definition 12 .4[) are exactly the (C-graded) modules for V 
as a vertex operator algebra, with the grading restrictions as follows: For n G C, 

Wt n+ k) =0 for k E 7j sufficiently negative (2.30) 

and 

dimW/ (n) <oo. (2.31) 

Example 2.8 An important source of examples of strongly graded conformal vertex alge- 
bras and modules comes from the vertex algebras and modules associated with even lattices. 
We recall the following construction from |FLMj . Let L be an even lattice, i.e., a finite-rank 
free abelian group equipped with a nondegenerate symmetric bilinear form (•,•), not neces- 
sarily positive definite, such that {a, a) G 2Z for all a G L. Let t) = I % C. Then f) is a 
vector space with a nonsingular bilinear form (•, •), extended from L. We form a Heisenberg 
algebra 

Sz= II f>®* n ©Cc. 

nSZ, n^O 

Let (L~) be a central extension of L by a finite cyclic group (k \ k s = 1). Fix a primitive 
sth root of unity, say u, and define the faithful character 

X ■ <«) c* 

by the condition 

x(k) = to- 

Denote by C x the one-dimensional space C viewed as a (/t)-module on which (k) acts ac- 
cording to x- 

K • 1 = CJ, 
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and denote by C{L} the induced L-module 

C{L} = Indf K) C x = C[L] ® cm C x . 

Then 

V L = Sfe)®C{L} 

has a natural structure of conformal vertex algebra; see [B] and Chapter 8 of |FLM] . For 
a G L, choose anoel such that a = a. Define 

t (a) = a® 1 G C{L} 

and 

V^ a) = span {/ii(-ni) ■ • ■ h k (-n k ) <g> t(a)}, 

where h\, . . . ,h k G f), n±, . . . ,n k > 0, and where is the operator associated with h ®t n 
via the E)g- module structure of Vl- Then Vl is equipped with a natural second grading given 
by L itself. Also for n G Z, we have 

fc 1 

( v ^)(nj = s P an {hi(-ni) ■ ■■h k (-n k ) ® t(o)| a = a,^^ + -(a, a) = ra}, 

i=i 

making Vl a strongly L-graded conformal vertex algebra in the sense of Definition 12 .31 When 
the form (•, •} on L is also positive definite, then Vl is a vertex operator algebra, that is, as 
in Example \2.7\ Vl is a strongly A- graded conformal vertex algebra for A the trivial group. 
In general, a conformal vertex algebra may be strongly graded for several choices of A. 

Any sublattice M of the "dual lattice" L° of L containing L gives rise to a strongly 
M-graded module for the strongly L-graded conformal vertex algebra (see Chapter 8 of 
|FLM] ; cf. |LL] ). In fact, any irreducible V^-module is equivalent to a V^-module of the 
form Vl+p C Vl° for some (3 G L° and any V^-module W is equivalent to a direct sum of 
irreducible V^-modules, i.e., 

w= n v li+Ll 

7;eI/°, i=l,...,n 

where 7j's are arbitrary elements of L°, and n G N (see |Dlj . |DLMj ; cf. |LLj ). In general, 
a module for a strongly graded vertex algebra may be strongly graded for several choices of 
A. 

Notation 2.9 In the remainder of this section, without further assumption, we will let A 
be an abelian group and V be a strongly A-graded conformal vertex algebra. Also, we will 
let A be an abelian group containing A and W be a doubly graded K-module with respect 
to A. When we need W to be strongly graded, we will say it explicitly. 

Definition 2.10 The subspaces for n G Z, a G A in Definition 12.61 are called the doubly 
homogeneous subspaces of V. The elements in vji) are called doubly homogeneous elements. 
Similar definitions can be used for W^) in the module W. 
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Notation 2.11 Let v be a doubly homogeneous element of V. Let wt v n , n G Z, refer to 
the weight of v n as an operator acting on W, and let A-wt v n refer to the A-weight of v n on 
W. 

Lemma 2.12 Let v G Vff^ , for n G Z ; a G A. T/ien /or m G Z, wt v m = n — m — 1 and 
^4-wt v m = a. 

Proof The first equation is standard from the theory of graded conformal vertex algebras 
and the second follows easily from the definitions. □ 

Definition 2.13 The algebra A(V; W) associated with V and W is defined to be the algebra 
of operators on W induced by V, i.e., the algebra generated by the set 

{v n | v G V, n G Z}. 

For a subspace V' of V, we use A(V' ; W) to denote the subalgebra of A(V; W) generated by 
the set 

{v n | v G V , n G Z}. 

For a subspace W' of W, we use A(V; W') to denote the subalgebra of A(V; W) preserving 
W . Similarly for V and W , we use A(V ; W ) to denote the subalgebra of A(V; W) 
generated by the operators on W induced by V . 

Remark 2.14 When W' is a submodule of W, there are two possible definitions for A(V; W ) 
in Definition 12.131 One is as an algebra associated with V and W , the other is as a subal- 
gebra of A(V; W). But it does not matter because they are both algebras of operators on 
W generated by the set 

{v n | v G V, n G Z}. 
Similar comments hold for V a subalgebra of V. 

The following lemma follows easily from Lemma 12.121 
Lemma 2.15 The algebra A(V; W) is doubly graded by Z and A. Moreover for n G Z, 

M v ; w )(n) = span {{v x ) h ■ ■ ■ (v m ) jm \ wt (vi) k = n, 

i=l 

where m G N, v % G V, ji G Z, for % = 1, . . . , m} 

ond /or aG/1, 

m 

W)^ = span {( Vl ) n ■ ■ ■ (v m ) jm \ ^ A-wt (v^ = a, 

i=i 

where m G N, v% G V, jj G Z, for z = 1, . . . , m). 
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Proposition 2.16 Let W be an irreducible doubly graded V -module with respect to A. Then 
we have the following results: 

(a) Each weight subspace W^) (h G C) is irreducible under the algebra A(V; Wqa). 

(b) Each A-homogeneous subspace (/3 G A) is irreducible under the algebra A(V; W^>). 

(c) Each doubly homogeneous subspace (h G C, G A) is irreducible under the 
algebra A(V;W$). 

Proof. We only prove statement (a), the proofs of statements (b) and (c) being similar. 
If W(h) is not irreducible, we can find a nontrivial proper submodule U of W(h) under the 
algebra A(V; W(h))- This submodule cannot generate all W under the action by the algebra 
A(V; W), since by Lemma 12.1 5[ 

A{V-W)U = \\A{V-W) [n) U dU® \\ W {m) . 
This contradicts the irreducibility of W. □ 



Remark 2.17 A V-module W decomposes into submodules corresponding to the congru- 
ence classes of its weights modulo Z: For \x G C/Z, let 

^)=n% ( 2 - 32 ) 

where n denotes the equivalence class of n G C in C/Z. Then 

W = II W M ( 2 - 33 ) 

and each W^) is a ^/-submodule of W . Thus if a module W is indecomposable (in particular, 
if it is irreducible), then all complex numbers n for which W( n ) ^ are congruent modulo Z 
to each other. 

Definition 2.18 Let W\ and W2 be doubly graded ^-modules with respect to A. A module 
homomorphism from W\ to W2 is a linear map ip such that 

ijj(Y(v,x)w) = Y(v,x)ip(w) for v G V, w G W±, 

and such that ip preserves the grading by A. An isomorphism is a bijective homomorphism. 
An endomorphism is a homomorphism from W to itself, we denote the endomorphism ring 
by End^(W). 
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Remark 2.19 Suppose V, Wi, if> are as in Definition 12.181 Then if> is compatible with 
both gradings: 

V>((^i© c (W 2 )jg, h g C, 

because if) commutes with L(0) (see Section 4.5 of [LLJ), and because if) preserves the grading 
by A. 

Remark 2.20 The endomorphism ring Endy(W) is a subring of the commuting ring 
EndyfW) := {linear maps if) : W — > W\ if>(Y(v,x)w) = Y(v,x)if>(w), fox v <EV,w <E W}. 

Proposition 2.21 Suppose W is an irreducible strongly A-graded V -module. Then End^(VK) 
= C. 

Proof. For any A G C, if) G Endy(W), let Wf be the A-eigenspace of if). Then Wjf 
is a \^-submodule of W. Because W is irreducible, = or W. We still need to show 
Wf £ 0, for some A G C. 

Choose h G C, f3 G A such that W$ ^ 0. Then by Remark [2HSJ if) preserves W$. 
Since dim W$ < oo and we are working over C, if) has an eigenvector in W^j . Therefore 
Wf ^ for some A G C. □ 



Proposition 2.22 Suppose A is a countable abelian group. Then EndyfW) = C. 

Proof . From Definition l2.3[ V( n ) = LLgA V^. , where each doubly homogeneous subspace 

has finite dimension. Since A is a countable group, there are countably many such 

doubly homogeneous subspaces V^") , and hence V has countable dimension. Since W is 
irreducible, from Proposition 4.5.6 of |LLj . we know 

W = span{f n w | v G V, n G Z}, 

for any nonzero element u> in W . Since V has countable dimension, so does W. Then the 
result follows from Dixmier's Lemma, which says that if S is an irreducible set of operators 
on a vector space W of countable dimension over C, then the commuting ring of S on W 
consists of the scalars (cf. Lemma 2.2 in [L], and [W], p. 11), where we take S to be A(V; W). 
□ 
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3 Tensor product of strongly graded vertex algebras 
and their modules 



In this section, we are going to introduce the notion of tensor product of finitely many 
strongly graded conformal vertex algebras and their modules. 

Let Ai, . . . , A p be abelian groups, and let V 1 , . . . , V p be strongly A ± , . . . , A p -graded con- 
formal vertex algebras with conformal vectors uj 1 , . . . ,u p , respectively. 

Let 

A = A\ © ■ ■ ■ © Ap. 

Then the vector space 

V = Vi <g> ■ ■ ■ <g> V p 

becomes a strongly A-graded conformal vertex algebra, which we shall call the tensor product 
strongly A-graded conformal vertex algebra, with the following structure: 

Y> {1) © • • • © v ip \ x) = Y{y {1 \x) ® ■ ■ ■ ® Y{v {p \x) 

for i>W G Vi and the vacuum vector is 

1 = 1® - ..(8)1. 

(Here we use the notation 1 for the vacuum vectors of V and each Vi.) The conformal vector 
is 

W = W 1 (g)l(g)-..(g)H h 1 <g> • • • ® 1®oj p . 

Then 

L(n) = Li(n) <g>l<g>.--<g>l + .- . + l<g>---<g>l<g> L p (n) 

or n G Z. (Here we use the notation Lj(n) for the operators on Vi associated with u\ 
i — 1, . . . ,p.) The A-grading of V is given by 

V = ]Jv {a \ 

aeA 

with 

V (a) = y 1 («0 (g) ... ( g ) y p («p) > 
where ctj G Aj, « = 1, . . . , p, are such that a± H — • + a p = a. The Z-grading of V is given by 

where 

V {n) = \\ (V 1 ) {ni) ^---®(Vp) {np) . 

niH h'« p =ra 

(It follows that the Z-grading is given by L(0) defined above.) 
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Proposition 3.1 The tensor product of finitely many strongly graded conformal vertex al- 
gebras is a strongly graded conformal vertex algebra whose central charge is the sum of the 
central charges of the tensor factors. 

Proof. The grading restrictions ( 12.21)) and (I2.22p clearly hold. The Jacobi identity follows 
from the weak commutativity and weak associativity properties, as in Section 3.4 of [LL]. 
□ 

Notation 3.2 For each % = 1, . . . ,p, we identify Vi with the subspace 1®- • -®\®Vi®\®- ■ -®1 
of V. The strongly graded conformal vertex algebra Vi is a vertex subalgebra of V. However, 
it is not a conformal vertex subalgebra of V because the conformal vector of V and Vi do 
not match. 

Remark 3.3 From the definition of tensor product strongly graded conformal vertex alge- 
bra, we see that 

Y((l <g> • • • <g> 1 ® v {i) ® 1 <g> • • • ® 1, x) = l Vl <g> • • • <g> l Vi _i ® Y(v (i) ,x) ® l Vi+1 <g> • • • <g> 
for i;W G Vi. In particular, we have 

[y(V i ,x 1 ),Y(^-,a; 2 )] = 0, 

for i,j — l,...,p and i 7^ j. 

Lemma 3.4 For all n G Z, £§> • • • <8> v^) n can be expressed as a linear combination, 
finite on any given vector, of operators of the form (i/ 1 ) ® 1 ® • ■ -$$1)^ ■ ■ ■ (1®- • -<8> 1 ®f^)i p . 

Proof. We prove the result as in [FHL] by induction. When p — 2, taking Res^ and the 
constant term in xq of the Jacobi identity, we find that 

Y(v m <g> v {2 \ x 2 ) = Res xo xo ^(Y^ g> 1, x )(l <g> w (2) ), x 2 ) 

= Re S;El (xi - za) -1 Y(v (1) ® 1, zi)Y(l <g) w (2) , x 2 ) 
- Res xi (-x 2 + si)" 1 ^ (1 <g> v (2 \ x 2 )Y(v (l) <g> 1, xi), 

so that for all n G Z, (i;' 1 ' ® u^) n can be expressed as a linear combination, finite on 
any given vector, of operators of the form (V 1 -* £g> l)m(l ® v^) n2 .(Note that we don't need 
operators of the form (1 eg) v^) n2 (v^ <g) l) ni because of the Remark [3.31 ) 

For general p, taking Kes xi and the constant term in x of the Jacobi identity, we have 

Y(v {1) ® ■ ■ ■ ® v {p \ x 2 ) 
= Res^x^YiY^ <8> ■ • • <g> v^ l) ® l,a? )(l ® ■ • • ® 1 ® v (p) ), x 2 ) 
= Res Xl (xi - x 2 ) _1 F(f (1) ® • • • ® f g> 1, Xi)F(l g> • • • ® 1 ® w (p) , x 2 ) 
- Res ;Cl (-x 2 + xi) _1 y(l <g> • • • ® 1 ®v {p \x 2 )Y{v {1) g> • • • ® u^"" 1 ) ® l,xi). 
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It follows that (v < - 1 - ) © • • • <S>u^) n is a linear combination of the operators (v^ © • • • ©i>( p 1 - ) © 
l) ni • (1 © • • • © 1 (g) f ^) n2 . Thus the lemma holds by the induction hypothesis. □ 

Now we define the notion of tensor product module for tensor product strongly A = 
Ai ©j • ■ © Ap-graded conformal vertex algebra V — V± © • • • <g> V p with the notions above. 
Let Ai, . . . , A p be abelian groups containing A ± , . . . ,A p as subgroups, respectively, and let 
W 1: . . . , W p be strongly A ± , . . . , A p -graded modules for Vi, . . . , Vp, respectively. 

Let 

^4 = © • • ■ © ^4p, 
Then we can construct the tensor product strongly A-graded module 

W = Wi <g • • • <g Wp 

for the tensor product strongly A-graded algebra V by means of the definition 

Y(v {1) © • • • ®v {p \x) = Y{v [1) ,x) © • • • © Y{v [p \x) for v (i) G V*, i = l,...,p, 

L(n) = Li (n) © 1 © • • • © H h 1 © • • • © 1 © L p (n) for n G Z. 

(Here we use the notation Lj(n) for the operators associated with uj % on Wi, % = 1, . . . ,p.) 
The A-grading of W is defined as 

w = l[ww, 

PGA 

with 

ww = w[ Pl) ®---®W^\ 

where G A i: % — 1, . . . ,p, are such that /?i + \- /3 P = f3. The C-grading of IV is defined 

as 

^=11% 

neC 

where 

W(n) = ^ (^l)( ni )®-®W( np ). 
niH hn. P =n 

It follows that the C-grading is given by the operator L(0) on IV defined above. It is clear 
that the algebra V is also a module for itself. 

Proposition 3.5 The structure W constructed above is a strongly A-graded module for the 
tensor product strongly A-graded conformal vertex algebra V . 

Assumption 3.6 In the remainder of this paper, we always assume that A, and that each 
Ai (i — 1, • • • ,p) is a countable abelian group. 
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Using Proposition |2.22[ we now prove: 



Theorem 3.7 Let W = W% <g> • • • <g> W p be a strongly A = A 1 © • • • © A p - graded V -module, 
with the notations as above. Then W is irreducible if and only if each Wi is irreducible. 

Proof. The "only if part is trivial. For the "if part, for simplicity of notation, we take 
p = 2 without losing any essential content. Take a nonzero sub module W C W\ © W2, let 
w^, . . . , Wn G Wi and w[ , . . . , Wn G Wi be linearly independent such that T^ =l aj{w ( f' ) © 

wf ] ) G where each a s ^ 0. Take any G Wi, w (2) G W 2 - By Proposition [2221 the 
commuting ring consists of the scalars for W\ and W 2 . Thus by the density theorem (see for 
example Section 5.8 of [J]), there are 61 G A(Vu Wi © W 2 ), b 2 G A(V 2 ; Wi © W 2 ) such that 

bi ■ = bi ■ Wjp = 0, for i = 2, . . . , n. 

0, for % — 2, . . . , n. 

ai (w {1) ©u> (2) ) G W. 
□ 



b 2 ■ w± = w^ 2 \ b 2 ■ wf' = 

Then 

(M> 2 )-£"=i ^-(^©^f) = 

Hence © w (2) G W, and so W = W\ © W 2 . 



4 Strongly (I), A)-graded vertex algebras and their strongly 
(f), A)-graded modules 

For some strongly A-graded vertex algebras V, there is a vector space f) consisting of mutually 
commuting operators induced by V such that the A-grading of V is given by f) in the following 
way: for a G A, V {a) is the weight space of f) of weight a. Here is an example: 

Example 4.1 Consider the strongly L- graded conformal vertex algebra Vl in Example 12.81 
For h G f), there is an operator /i(0) on Vl such that 

We identify f) with the set of operators 

{h(0) = (h(-l) ■ l)o I h G J)} 

(see Chapter 8 of |FLMj ). Since the symmetric bilinear form (•, •) is nondegenerate, is 
characterized as the weight space of f) of weight a. 

Consider the tensor algebra T(V[t,t~ 1 }) over the vector space V[i, Then any V- 
module W, in particular, V itself, can be regarded as a T(V[t, t _1 ])-module uniquely deter- 
mined by the condition that for v G V, n G Z, v © t n acts on H 7 as t> n . In the following 
definitions, we consider a particular subspace of T(V[t,t -1 ]) acting on V and W. 
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Definition 4.2 A strongly A-graded vertex algebra equipped with a vector subspace 

fjciwr 1 ]) 

is called strongly ft), A)-graded if there is a nondegenerate pairing 

(v): Ox A 

(/i, a) i — > (h, a) 

linear in the first variable and additive in the second variable, such that fj acts commutatively 
on V and 

V {a) = {v G V | h ■ v = (h, a)v, for all h G fj}. 

By Definition I4.2[ the strongly graded conformal vertex algebra Vj, in Example 14.11 is 
strongly (I), L)-graded, where f) is the set of operators {(h(—l) ■ l)o | h G L Cg) z C}. 

For a strongly (f), v4)-graded vertex algebra V, a natural module category is the category 
of strongly A-graded ^-modules W with an action of f), such that the A-grading on W is 
given by weight spaces of f). Here is an example: 

Example 4.3 As in Example 12.81 any sublattice M of L° containing L gives rise to a 
strongly M-graded V^-module Vm- Take \) — L ®% C and identify f) as the set of operators 
{(h(-l) ■ 1) | h G t)} as in Example EH Then for f3 G M, 

VjP ={weV M \h-w= (h, P)w, for all h G f)}. 
so that we have examples of the following: 

Definition 4.4 A strongly A-graded module for a strongly (1), A)-graded vertex algebra is 
said to be strongly (t), A) - graded \i there is a nondegenerate pairing 

( v ):f,xi— >C 

(M)— ><M) 

linear in the first variable and additive in the second variable, such that the operators in f) 
act commutatively on W and 

^ = {w G | /i • w = (h, f3}w, for all h G f>}. 

Remark 4.5 Submodules and quotient modules of strongly (f), v4)-graded conformal mod- 
ules are also strongly (f), ^4)-graded modules. Irreducible strongly (f), v4)-graded modules are 
strongly (f), yl)-graded modules without nontrivial submodules. Strongly (f), v4)-graded mod- 
ule homomorphisms are strongly A-graded module homomorphisms which commute with the 
actions of f). 

The following propositions are natural analogues of Proposition 13.11 and Proposition 13.51 
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Proposition 4.6 Let Vi, . . . , V p be strongly (fj 1( Ai), . . . , (f) p , A p )-graded conformal vertex al- 
gebras, respectively. Let A = A\ © • • • © A p , f) = f)i © • • • © () p; and let (•, denote the pairing 
between fj { and Aj ; /or 2 = 1, . . . ,p. TTien i/ie tensor product algebra V = V\ © • • • © V p 
becomes a strongly (f), A)-graded conformal vertex algebra, where the nondegenerate pairing 
is given by: 



(h,a) 1 — y ^2(hi,ai)i 



i=l 



where h = h\ + • • • + h p , a = a% + ■ — \- a p , for hi G f)j, «j G At, i = 1, . . . ,p, and 

v ( a ) = yM gj . . . (g, y(a P ) = { v e Vi ® ■ ■ ■ ®V P \ h ■ v = (h, a)v, for all h G fj}. 

Proof. It is easy to see that the pairing defined above is nondegenerate, and is 
characterized uniquely as the eigenspace of f). □ 

Proposition 4.7 Let Wi, . . . , W p be strongly (f)i, Ax), . . . , (f) p , A p )-graded conformal mod- 
ules for strongly (f)i, Ai), . . . , (f) p , A p )-graded conformal vertex algebras Vi, . . . , V p , respec- 
tively. Let A = Ai © • • • © A p , f) = f)i © • • • © t) p , and let (•, -)j denote the pairing between 
()i and A{, for i — 1, . . . ,p. Then the tensor product module W = W\ © • • • © W p becomes a 
strongly (f), A)-graded module for the strongly graded vertex algebra V , where the nondegen- 
erate pairing is given by: 

p 

cm)-— 

1=1 

where h = h%-\ h h p , /3 = fa H \- f3 p , for hi e fa G A4, i = 1, . . . ,p, and 

W w = Wf^ © • • • © W^ p) = {w G Wi © ■ ■ ■ ®W P I h ■ w = (h, 0)w, for all h G f)}. □ 

The following proposition is an analogue and consequence of Theorem 13.71 

Theorem 4.8 Let W = W\ © • ■ ■ © W p be a strongly (f), A)-graded module constructed in 
Proposition \4-7\ Then W is irreducible if and only if each Wi is irreducible. 



5 Irreducible modules for tensor product strongly graded 
algebra 

Our goal is to determine all the strongly (f), v4)-graded irreducible modules for the tensor 
product strongly (f), A)-graded conformal vertex algebra constructed in Proposition 14.61 To 
do this, we need to define a more specific kind of strongly (f), A)-graded modules as follows: 
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Definition 5.1 Let Vi, . . . , V p , V be strongly (f) 1? A^, . . . , (f) p , A p ), (f), A)-graded conformal 
vertex algebras, respectively, as in the setting of Proposition 14.61 Let W be a strongly 
(f), A)-graded V^-module, where A is an abelian group containing A as a subgroup, so that 
in particular, for G A, 

W w = {w eW | h-w = (h, P)w, for all h G f)}. 

Assume that there exists an abelian subgroup Aj of A containing as a subgroup for each 
i — 1, . . . ,p such that 

^4 = Ai © • • • © A p , 
(fo,i*> = 0if i^j 

and such that PV is a doubly graded Vrmodule with respect to A t and the Aj-grading is 
given by fjj in the following way: For G Aj, 

= { w e w | ^ . w = ^ p.} Wi for all ^ G fj.} 
Then W is called a strongly ((fj 1; Ai), . . . , (f) p , A p ))- graded V -module. 

Remark 5.2 Submodules and quotient modules of strongly ((f)i, Ai), . . . , (f) p , A p ))-graded 
F-modules are also strongly Ai), . . . , (f) p , A p ))-graded modules. Irreducible strongly 
((f)i, Ai), . . . , (f) p , A p ))-graded modules are strongly ((f)!, Ax), . . . , (f) p , A p ))-graded modules 
without nontrivial submodules. Strongly ((f)!, Ai), . . . , (f) p , v4 p ))-graded module homomor- 
phisms are strongly (f), A)-graded V- module homomorphisms. 

Example 5.3 The strongly (f), A)-graded tensor product module W\ ® ■ • ■ ® W p constructed 
in Proposition 14.71 is a strongly ((f) 1; Ai), . . . , (f) p , A p ))-graded Vi ® • • • ® Vp-module. 

From Example 12.81 we can see that any V^-module is a strongly L°-graded module. Based 
on this fact, it is easy to show that the following example satisfies the conditions in Definition 

o 

Example 5.4 Let be the moonshine module constructed in [FLM] . which is a strongly 
((0), (0))-graded conformal vertex algebra as in Example 12.71 let Vl be the conformal vertex 
algebra associated with the even 2-dimensional unimodular Lorentzian lattice L, which is a 
strongly (f), L)-graded conformal vertex algebra as constructed in Example 12.81 Then any 
strongly (f), L)-graded module for © Vl is strongly (((0), (0)), (f), L))-graded (note that L 
is a self-dual lattice, i.e., L° = L). 

Notation 5.5 For (3\ G A 1 , . . . , /3 p G A p , we let W^ 1 ''"'^' denote the following common 
weight space of f)i, . . . , f) p , i.e., 

w {Px,-A) ■- [ w e w | hi ■ w = (hi,0i)w, for all hi G f)i, 2 = 1,... ,p}. 
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Next we assume W to be a strongly ((fj 1( A%), . . . , (h p , A p ))-graded V\ <g> • • • <g> Vp-module, 
with the notation as in Definition 15.11 

Proposition 5.6 Suppose that W is irreducible. Then for (5\ G Ai, . . . ,/3 p G A p; 
zs irreducible under the algebra of operators A(Vi <S) ■ • ■ ®V P ; W^ 1 ''"'™) . 

Proof. The proof is similar to the proof of Proposition 12.161 □ 

Lemma 5.7 For (3 G A, we have 

W (P) = w {Pi,...,P P ) ^ 

where f3 — /3i + h /3 P . 

Proof. This is a consequence of Definition 15.11 □ 

Theorem 5.8 Let W be a strongly A\), . . . , (h p , A p ))-graded irreducible V\®---® V p - 
module, with the notions as in Definition I5.il Then W is a tensor product of irreducible 
strongly (hj, Ai)-graded Vi-modules, for i = 1, . . . ,p. 

Proof. For simplicity of notation, we take p = 2, as above. Since W is irreducible, by 
Remark 12.171 W = U n _„ W( n ) for some fi G C/Z, where n denotes the equivalent class of 

n G C in C/Z. Choose (3 e A such that W w ^ 0. Then there exists n G C such that W^l 

is the lowest weight space of W^. Since is finite dimensional and we are working over 

C, there exists a simultaneous eigenvector wo G W 7 ^) f° r the commuting operators Lj(0) 
and the operators in h,, i — 1,2. Denote by 7ii,n 2 G Z the corresponding eigenvalues for 
Li(0), L 2 (0). Then we have n = n± + n 2 . Denote by 0i G Ai, /3 2 G A 2 the corresponding 
weights for hi, h 2 . By Lemma EH we have W w = W {f3lA \ and p = p 1 + f3 2 . 

Now the L(— l)-derivative condition and the L(0)-bracket formula imply that 

[Li(0), Y> (1) g> 1, a:)] = Y(Li(0)(v^ <g) 1), x) + x-^-V> (1) <g> 1, x) 

ax 

for i/ 1 ) G V\. Thus for doubly homogeneous vector and tj G Z, 

wti(w (i) (g) i) n = wti<y i} <8i i) - 7i - 1, 

where wti refers to Li (O)-eigenvalue on both Vi ® V 2 and the space of operators on W 7 . In 
particular, (V 1 ) <g> l) n permutes Li(0)-eigenspaces. Moreover, since (1 ®t>( 2 ))„, for G V2, 
commutes with Li(0), it preserves Li(0)-eigenspaces. Of course, similar statements hold for 
L 2 (0), hx(0), h 2 (0). 
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By Lemma |5U| W^ 1 '^ is irreducible under the algebra of the operators A{Vi®V 2) W^ 1 '^) 
Then W^ 1 ' 132 ^ is generated by Wq by the irreducibility, and is spanned by elements of the 
form 

0i 1} ® l) mi ■ ■ ■ (vP ® l) mfc (l <g> ^ 2) ) ni • • • (1 ® ^ (2) )„^ 
where u} 1 ^ G V\ and wj 2 ' > G V2, v^\v^ are doubly homogeneous, and the A- weights of 

YT=i 4 and EJ=i u f ) are °- 

Hence VK^ 1 '^ is the direct sum of its simultaneous eigenspaces for Lj(0) and f)j, for 
z = 1,2, and the Li(0), L 2 (0)-eigenvalues are bounded below by rii, n 2 , respectively. It 
follows that the lowest weight space is filled up by the simultaneous eigenspace for 

the operators Lj(0) with eigenvalues rij. To be more precise, we use 

W (nt,S to denote the 

subspace W^^ 2 \ By a similar argument as in Proposition 15. 6} W^'^ is irreducible under 
the algebra of operators A(V 1 ®V 2 ; W^'fy). 

By the density theorem, the algebra A(Vi ® V 2 ;W^'^) fills up End w£^). Be- 
cause A(Vi; Wfa'nl)) and A(V2; H^ 1 '^) are commuting algebras of operators and A{V\ <g> 
V 2 ; W$j%) is generated by A{V x] W^) and A(V 2 ; W^]), we see that 



End = A(V X ; ^™)A(y 2 ; W ( £ 



H2) ' 



Choose an irreducible A(Vi, W^ lA h-submodule M a of W, (ft f 2 ?. Then A(V^; W^ 2 \) acts 

V A ' (711,02)' (ni,TJ2) v ' \ni,ri2)' 

faithfully on M\ since any element of W^'^}) which annihilates Mi annihilates 
MV2,W^). Ml = A^W^A^W^])^ = (End W^M, = wg™ 
Thus W^'^) restricts faithfully to End M\ and hence is isomorphic to a full matrix 

algebra. Similarly, A(V 2 ; W^'^*}) is isomorphic to a full matrix algebra. It follows that 

End = A( Vl ; W$$) ® A{ y 2] 



Then W^ 1 '^ 2 } has the structure 

(«l,ri2) 



w jPiM M . M 



as an irreducible A(V X \ w£*'£])®A(V 2 ', I^f^-module. Here, as an irreducible Aty; Wjfcffi, 

submodule of W^'^, Mi has Aj-grading fa induced by and has C-grading n,j induced 
by Li(0), respectively, for i = 1,2. 

Let 

w° = y 1 ® y 2 
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(where %ji G Mi, for i — 1,2) be a nonzero decomposable tensor in W^'j^l. Let Wi be the 
doubly graded Vi-submodule of W generated by w°. Then the module W\ has a strongly 
(fji, Ai)-graded Vi-module structure such that 

Wi= II (Wk)W, 

raeC, 7eA 

where 

( W 0(n) = span{(t»; i} ® 1) S1 • • • ® l) Sp w°|wt ^ - si - 1 + • • • + wt - s p - 1 = n - n x , 

A-wt + ■ ■ ■ + A-wt 4 1} =7 -Pi, EV U si,...,SpGZ}. 

This module we constructed satisfies the grading restrictions (12.271) and (I2.28|) in Def- 
inition I2.4[ which follows from the fact that W is a strongly graded Vi <8> VV module and 
each doubly homogeneous subspace of VV\ lies in the doubly homogeneous subspace of W. 
Also, W[ y) is the weight space of hi with weight 7, hence by Definition I4.4[ VV\ is a strongly 
(fji, Ai)-graded Vi-module. 

We claim that Wx is Vi-irreducible (and similarly for W2). In fact, consideration of 
the abelian group grading shows that any nonzero Vi-submodule of Wx not intersecting 
give rise to a nonzero V\ ® V2-submodule of W not intersecting W^ 1 '^ 2 '. Thus 
any nonzero Vi-submodule of Wx must intersect W^ 1 '^ 2 '. Then consideration of the weight 
shows that the /^-subspace of any nonzero Vi-submodule of Wi not intersecting W^'^ 2 } 

would give rise to a nonzero A(Vi <g> V2; W^'^-submodule of not intersecting 

W^ 2 l Thus any nonzero Vi-sub module of W\ must intersect W^ 1 '^ 2 }. But the irreducible 

A(Vi; VV^fh-module A(V X ; W^\) ' ™° is the full intersection of Wx and W^ 2 l so that 

V T 5 '•'2 / 7 v V^l 1 '^2 ,) 7 v T ;' i 2 / 

the Vi-submodule must contain w° and hence be all of Wx- This proves the Vi-irreducibility 
of W x . 

Finally, to show that W is isomorphic to Wx ® W2, consider the abstract tensor product 
V\ ® V2-module Wx ® W2, where Wi is the strongly Aggraded Vi-module defined above, for 
% = 1,2. Define a linear map 

if : W\ ® W 2 -> W 

61 • w° g) 6 2 • w° 6ife 2 • w°, 

where 6, is any operator induced by VJ. Then (p is well defined and is a Vi <8> VVmodule 
homomorphism. Since Wx <8> W2 is irreducible by Theorem 13 .7\ if is a module isomorphism. 

□ 

Example 5.9 Let be the conformal vertex algebra associated with an even lattice Lj as 
in Example I2.8j where i — 1, . . . ,p. Let V Lx ®- ■ -<S>Vl p be the tensor product strongly graded 
vertex algebra of V^, . . . , Vl . By the construction of a lattice vertex algebra in Example 
I2.8j we have 

V Ll ®---®V Lp = V Ll Q... 9Lp , 



22 



and every irreducible V£, ie ... ffi £, J) -module is equivalent to a module of the form 

for some 7, G L°, z = 1, . . . ,p. This example illustrates Theorem 15.81 

Now we can describe our main examples: 

Corollary 5.10 The only irreducible strongly (f), L)-graded module ofV^®Vi, where L is the 
unique even 2- dimensional unimodular Lorentzian lattice and f) = {(h(— l)-l)o I h G Lcgi^C}, 
up to equivalence, is itself. 

Proof. Let W be an irreducible strongly (f), L)-graded module of <S> Vl- Then by 
Example 15.4} W is a strongly (((0), (0)), (f), L))-graded module of ® Vx,. By Theorem 
15. S\ it is a tensor product of an irreducible strongly ((0), (0))-graded V^-module with an 
irreducible strongly (f), L)-graded V^-module. By [D2], is its only irreducible module, 
up to equivalence. Also, by [Dl] (cf. [LL], Example I2.8|) . Vl is its only irreducible module 
because L is self-dual. Therefore 

W = V*®V L 

as claimed. □ 

Remark 5.11 In Corollary l5.10l the 2-dimensional self-dual Lorentzian lattice can of course 
be generalized to any self-dual nondegenerate even lattice. 

6 Complete reducibility 

Definition 6.1 Let V be a strongly (f), v4)-graded conformal vertex algebra. Then a strongly 
(f), A)-graded ^-module is called completely reducible if it is a direct sum of irreducible 
strongly (f), A)-graded ^-modules. 

Notation 6.2 In the remainder of this section, we will always let A = Ai © • • • © A p , 
f) = fh © • • • © t) p , and V = Vi <g> • • • ® y p . 

Definition 6.3 A strongly ((f)i, Ai), . . . , (f) p , y4 p ))-graded module for the tensor product 
conformal vertex algebra V is called completely reducible if it is a direct sum of irreducible 
strongly ((f)i, A\), . . . , v4 p ))-graded l^-modules. 

Theorem 6.4 Let V\, . . . , V p be strongly (f)i, Ai), . . . , (f) p , A p )-graded conformal vertex alge- 
bras, respectively, and let V be their tensor product strongly (f), A)-graded conformal vertex 
algebra. Then every strongly ((f)i, Ai), . . . , (f) p , A p ))-graded V -module is completely reducible 
if and only if every strongly (f)j, Ai)-graded Vi-module is completely reducible. 
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Proof. It suffices to prove the result for n = 2. Let W be a strongly ((f)i, Ai), (f) 2 , A 2 ))-graded 
V = V\ ® V 2 -module. Then by Proposition 15.71 we can take w G W^'^, where ft 6 i„ 
rii G C, for i = 1,2. 

Let M be the strongly ((f)i, Ax), (f) 2 , A 2 ))-graded V\ ® V^-submodule of W generated by 
w, i.e., M is spanned by elements of the form 

(v? ® 1) S1 • • • (f <g> l) flp (l ® ^ 2) ) tl • • • (1 ® «f 

where t> . . . , are doubly homogeneous elements in V\ and uj 2 \ . . . , Vq 2 ^ are doubly ho- 
mogeneous elements in V 2 , respectively, and Si, . . . , s p , tx, ■ ■ ■ ,t q E Z. Let Mj be the doubly 
graded V^-submodule of M generated by u>. Then Mj is a strongly (f) i; Aj)-graded Vj-module, 
respectively, for i — 1,2, in an obvious way as in the proof of Theorem 15.81 

By Proposition 14.71 and Example I5.3[ Mi <g> M 2 is strongly ((()i, Ax), (f) 2 , A 2 ))-graded. 
Moreover, we have a strongly ((fj 1; Ax), (f) 2 , A 2 ))-graded Vi <8> V^-module epimorphism from 
Mi <g> M 2 to M by sending bitu <g> 6 2 u> i-> bxb 2 w, where 6, is an operator induced by V^, for 
i = 1, 2. If every strongly (f)j, Aj)-graded ^-module is completely reducible, then M, is 
a direct sum of irreducible strongly (f)j, Aj)-graded \4-modules and therefore Mi g) M 2 is 
a direct sum of irreducible strongly ((f)i, Ai), (f) 2 , A 2 ))-graded Vj C8> ^-modules (see Theo- 
rem 14.81) . Then as a quotient module of Mi ® M 2 , M is also a direct sum of irreducible 
strongly ((f)!, Ai), (f) 2 , A 2 ))-graded V\ ® V^-modules, and consequently, W is a direct sum of 
irreducible strongly ((f)i, Ai), (f) 2 , A 2 ))-graded Vi ® V^-modules. 

Conversely, assume that every strongly ((f)i, Ai), (f) 2 , A 2 ))-graded Vi (g> V^-module is 
completely reducible. We first observe that V± ® V 2 is strongly ((f)i, Ai), (f) 2 , A 2 ))-graded, 
hence a ((f)i, Ai), (f) 2 , A 2 ))-graded Vi <8> V^-module itself by Proposition 14.61 and Example 
I5.3f and hence is a direct sum of irreducible strongly ((fj 1; Ax), (f) 2 , A 2 ))-graded modules. 
Let W be an irreducible strongly ((f)i, Ai), (f) 2 , A 2 ))-graded Vi <S> V 2 -module. Then W is a 
tensor product of an irreducible strongly (f)i, Ai)-graded module for V\ and an irreducible 
strongly (f) 2 , A 2 )-graded module for V 2 by Theorem 15.81 In particular, V\ has irreducible 
strongly (f)i, Ai)-graded modules and V 2 has irreducible strongly (f) 2 , A 2 )-graded modules, 
respectively. 

Let Wx be a strongly (f)i, Ai)-graded Vi-module and W2 be an irreducible strongly 
(f) 2 , A 2 )-graded V^-module. Since every strongly ((f)x, Ax), (f) 2 , A 2 ))-graded V\ <8> V^-module 
is completely reducible, W\ <8> W 2 is a direct sum of irreducible strongly ((fj 1; Ax), (f) 2 , A 2 ))- 
graded modules: 

Wx®W 2 = ]jM i 

i 

where each Mj is an irreducible strongly ((f)i, Ai), (f) 2 , A 2 ))-graded Vx <8> V 2 -module. Fix z and 
let } G Wi and y[ l \ . . . ,y$ G W 2 be linearly independent doubly homogeneous 
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elements such that ^ . CjXj ®y* G M i? where Cj G C, Cj ^ 0. By the density theorem (as in 

the proof of Theorem 13. 71) . each x^ G Mj. Let Wn be the doubly graded V^-submodule 

of W\ generated by x^, for some j G {1, 2, ... , n}. Then W^x is a strongly (fj 1( A x )-graded 
Vi-sub module as in the proof of Theorem 15.81 By the irreducibility of Mi, we see that 
Mi = Wn (g) W2 and that Wn is an irreducible strongly (f)i, v4i)-graded Vi-sub module of W 7 !. 
Therefore, Wi ® W2 = (IljW^i) ® Wi- By the density theorem, for any nonzero W2 G Wi, 
Wi ®W2 = (IJj W,i) ® u^2- Hence as a Vi-module, Wi = Wn), and thus Wi is completely 
reducible. Similarly for V2. □ 

Example 6.5 Let Vj^ be the conformal vertex algebra associated with an even lattice Lj 
as in Example 12.81 where i = 1, . . . , p. Let <S> ■ ■ ■ <S> Vl p be the tensor product strongly 
graded vertex algebra of V^, . . . , Vl v - By the construction of a lattice vertex algebra as in 
Example I2.8[ we have 

V Ll ® • • • <g> V Lp = V Ll& ... eLp . 

As in Example I2.8[ every module for Vlxq—qLp, hence for Vl ± <8> • • • <8> Vl , is completely 
reducible. This example illustrates Theorem 16.41 

Corollary 6.6 Every strongly (f), L) -graded module for the strongly (f), L)- graded conformal 
vertex algebra <S> Vl, where L is the unique even 2-dimensional unimodular Lorentzian 
lattice and f) = {(h(—l) ■ l)o | h G L ®-l C}, is completely reducible. 
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